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Abstract
Let G be a compact Lie group, L(G) the associated loop group, ω the canonical symplectic form on
L(G). Set H the Hamiltonian function for which the associated ω-Hamiltonian vector field is the infinites-
imal rotation. Then H generates a canonical semi-definite Riemannian structure on L(G), which induces
a Riemannian structure on the free loop group L(G)/G = L0(G). This metric corresponds to the Sobolev
norm H 1. Using orthonormal frame methodology the positivity and finiteness of the Ricci curvature of
L0(G) is proved. By studying the dissipation towards high modes of a unitary group valued SDE it is
proved that the loop group does not have any infinitesimally invariant measure.
© 2007 Elsevier Inc. All rights reserved.
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1.1. We summarize here some well-known facts which can be found for instance in [6].
Let G be a compact Lie group, G its Lie algebra; the reader can think of this group as a group
of matrices, for instance an orthogonal group. Granted the compactness of G there exists on G
an Euclidean metric invariant under that adjoint action:
(
ad(ξ)η
∣∣ ζ )G = −(η
∣∣ ad(ξ)ζ )G, ξ, η, ζ ∈ G.
We denote L(G) the space of continuous maps of the circle S1 into G, by L(G) the space of
continuous maps of S1 onto G.
Then by pointwise multiplication L(G) becomes an infinite-dimensional group, which has
L(G) for Lie algebra.
A bilinear antisymmetric differential form on L(G), invariant under the adjoint action, is de-
fined by
ω(f,h) :=
∫
S1
(
f˙ (θ)
∣∣ h(θ))G dθ (1.1)a
(see [6, p. 39]).
The constant loop, φg0(θ) = g0 ∀θ , belongs to L(G). Therefore the map g0 → φg0 gives an
identification of G as subgroup of L(G). Let L0(G) be the quotient L(G)/G. Then L0(G) is an
homogeneous space on the left action of L(G). By abuse of language we call the homogeneous
space L0(G) the free loop group.
Define a function on L(G) by
H(γ ) =
∫
S1
∣∣γ˙ (θ)γ−1(θ)∣∣2G dθπ , (1.1)b
where γ˙ denotes the derivative relatively to θ of the loop θ → γ (θ). Denote τθ0 the action of S1
on L(G) defined by (τθ0γ )(θ) := γ (θ + θ0). Then we have
H(τθ0γ ) = H(γ ), H(γ φg0) = H(γ ). (1.1)c
The last identity implies that the function H is well defined on the quotient L0(G).
Lemma.
H(γ ) = H (γ−1). (1.1)d
Proof.
H
(
γ−1
)=
∫
S1
∣∣γ−1(θ)γ˙ (θ)(γ−1γ )(θ)∣∣2G dθπ .
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Ad
(
γ (θ)
)
is a unitary operator on G.  (1.1)e
It is known (cf. [6, p. 148]) that H is the Hamiltonian for which the associated vector field
through the symplectic form ω is the rotation vector field.
1.2. Theorem (Freed embedding). Define a map F of L0(G) into L2(S1;G) by
F(γ ) := γ˙ γ−1. (1.2)a
Then the flat Riemannian metric of L2(S1;G) induces by reciprocal image a Riemannian metric
on L0(G) which is invariant under the left action of L(G).
Proof. The pull-back metric appears in the left-invariant parallelism as
A := ∥∥F(γ exp(z))−F(γ )∥∥2
L2(S1;G) : 2‖z‖2γ .
We have [γ exp(z)].  γ˙ exp(z) + γ z˙. Therefore
F(γ exp(z))−F(γ ) = γ z˙γ−1 + o().
As Ad(γ (θ)) is a unitary operator on G we deduce that
A  2‖z˙‖2
L2(S1;G) → ‖z‖γ = ‖z˙‖L2(S1;G). (1.2)b
Since the obtained metric is independent of γ we have defined on L0(G) a left-invariant
metric. This metric is invariant under the right action of G as [Ad(g)z]. =Ad(g)(z˙) and therefore
defines a Riemannian metric on the quotient of L(G) by the isotropy group G. 
1.3. Consider on L(G) the metric defined by (1.2)b:
‖φ‖2
H 1 :=
1
π
∫
S1
∣∣φ˙(θ)∣∣2G dθ. (1.3)a
The pseudo-metric (1.3)a is invariant under the adjoint action of G, (1.3)b
result which is a consequence of (1.1)e.
Furthermore,
the pseudo-metric (1.3)a is invariant under the action of S1, (1.3)c
the pseudo-metric defines on L(G)/G an Hilbertian structure with scalar product, (1.3)d
(φ | ψ) = 1
π
∫
S1
(φ˙ | ψ˙)G dθ. (1.3)e
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Denoting eα an orthonormal basis of G, we define an orthonormal system of L(G) for the
pseudo-metric as follows:
Ak,α = eα
k
coskθ, Bk,α = eα
k
sin kθ, k > 0. (1.4)a
We get a basis of L(G) by adjoining the vectors
A0,α = eα. (1.4)b
We prolongate the previous definitions to negative values of the indices by making the con-
vention
Ak,α = −A−k,α, Bk,α = B−k,α, k < 0. (1.4)c
1.5. Proposition. Let c∗∗,∗ be the structural constants of G, then the structural constants of L(G)
are
[Ak,α,Al,β ] =
cδα,β
2
(
1
k
+ 1
l
)
Ak+l,δ +
cδα,β
2
(
1
l
− 1
k
)
Ak−l,δ,
[Bk,α,Bl,β ] = −
cδα,β
2
(
1
k
+ 1
l
)
Ak+l,δ +
cδα,β
2
(
1
l
− 1
k
)
Ak−l,δ,
[Ak,α,Bl,β ] =
cδα,β
2
(
1
k
+ 1
l
)
Bk+l,δ −
cδα,β
2
(
1
l
− 1
k
)
Bk−l,δ,
where k, l > 0. For l = 0 and k  0 we have
[Ak,α,A0,β ] = cδα,βAk,δ, [Bk,α,A0,β ] = cδα,βBk,δ.
Proof. Direct computation. 
2. Extended frame bundle and Ricci computation
The Riemannian geometry of loop group has been studied in [3–5,7].
2.1. Riemannian geometry on a compact Lie group
We present very classical results in a formalism which will prepare the loop group case.
Theorem. Let G be a compact Lie group, G its Lie algebra. By fixing on G an invariant Euclidean
metric, we define on G a Riemannian metric. The passage from the algebraic parallelism to the
Levi-Civita parallelism is then given by
∇uv = 1ad(u)(v). (2.1)a2
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4 · RG(u, v,h, k) =
([u,h] ∣∣ [v, k])G − ([v,h]
∣∣ [u, k])G . (2.1)b
The sectional curvature is given by
4 · RG(u, v,u, v) =
∥∥[u,v]∥∥2G . (2.1)c
Finally
Ricci = −1
4
∑
k
ad2(ek), (2.1)d
where ek is an orthonormal basis of G.
Proof. Firstly the covariant derivative given in (2.1)a is Riemannian because the metric on G is
invariant under the adjoint action. Finally the covariant derivative given in (2.1)a is torsion free
because ∇uv − ∇vu = ad(u)(v).
Let us compute
[∇u,∇v] − ∇[u,v] = 14
{
ad(u)ad(v) − ad(v)ad(v) − 2ad([u,v])}
= −1
4
{
ad(u)ad(v) − ad(v)ad(u)},
4 · R(u, v,h, k) = (ad(v)ad(u)h ∣∣ k)− (ad(u)ad(v)h ∣∣ k);
we transpose and use the identity (ad(v))∗ = −ad(v). 
2.2. Extended orthonormal frame bundle for L0(G)
We shall use the methodology of [1] to construct the frame bundle of an infinite-dimensional
homogeneous space.
Denote by ρ the projection ρ : L(G) → L(G)/G = L0(G). Denote L the subspace of L(G)
generated by {Ak,α, Bk,α}α,k , k > 0. Denote Π the projection of L(G) on L associated to the
basis {A∗, B∗}. Then L is isomorphic to L(G)/G and, using this homomorphism Π becomes
a map L(G) → L(G)/G. Finally denote by U the unitary group of the Hilbert space L(G). The
extended orthonormal bundle for L0(G) is defined as
S := U × L(G). (2.2)a
Then S is a principal bundle over L0(G) of structural group U × G.
Let σ˙ be the left-invariant Maurer–Cartan form on L(G) defined as
σγ (z) = γ−1(z), ∀z ∈ Tγ
(
L(G)
)
. (2.2)b
Let σ¨ be the left-invariant Maurer–Cartan differential form on U . Then σ = (σ¨ , σ˙ ) is the left-
invariant Maurer–Cartan form of the product group S.
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F(L0(G)) be the frame bundle, that is the collection of all frames of L0(G). Define a map
Ψ :S →F(L0(G))
by
Ψ (U,γ )(ζ ) := U(Π(σ˙ (ζˆ ))), ζ ∈ Tρ(γ )(L0(G)), ρ′(γ )(ζˆ ) = ζ. (2.2)c
We must justify this definition by showing that the left-hand side is independent of the choice
of ζˆ : indeed for another choice ζˆ1 we have σ˙ (ζˆ − ζˆ1) ∈ ker(Π).
At a given point we pass from a frame to another by composing by a unitary operator.
Therefore we get on L0(G) a canonical Hilbertian structure on each tangent space, that is an
infinite-dimensional Riemannian structure. Denote O(L0(G)) the bundle of orthonormal frames.
As the data of a single frame at a given point determines all other frames at this point by compo-
sition by elements of U , we get that the image of Ψ is surjective on O(L0(G)).
Consider L(G) as a principal bundle of structural group G acting on the right, the basis being
L0(G). The map Ψ is a principal bundle homomorphism in the sense that
Ψ (U,γ φg) = Ad
(
g−1
)(
Ψ (U,γ )
)
. (2.2)d
The fact that Ad(g−1)(L) ⊂ L makes possible to work on L instead of L(G)/G. Define an
injective morphism j of the group G into S by
j : G → S by g → (Ad(g−1), φg). (2.2)e
Let G˜ := j (G). Then
O
(
L0(G)
) S/G˜. (2.2)f
Define Ψˆ : S → S/G˜, then Ψˆ  Ψ .
2.3. Levi-Civita connection
On O(L0(G)) the Levi-Civita connection defines a connection form Ω taking its values in
su(L), the Lie algebra of U . The kernel of Ω is constituted by horizontal vectors fields on
O(L0(G)). Denote τγ the left action of L(G) upon L0(G). This action preserves the Riemannian
metric and therefore induces an isomorphism τ˜γ on the frame bundle O(L0(G)). By the unicity
of the connection form we have
(τ˜γ )
∗Ω = Ω.
The inverse image Ψ ∗(Ω) of Ω defines a differential 1-form on S with values into su(L).
Denote I the identity of U then
[
Ψ ∗(Ω)
]
is given by a linear map A: L(G) → su(L), independent of γ. (2.3)aI,γ
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algebraic coordinates by scalars indexed by three indices, namely
Γ ki,j :=
(
Γ (ei)(ej )
∣∣ ek)L, i, j, k > 0,
where
Γ kij =
1
2
(([ei, ej ] ∣∣ ek)− ([ej , ek] ∣∣ ei)+ ([ek, ei] ∣∣ ej )), i, j, k > 0. (2.3)b
Proof. See [1]. 
We denote by Γ (i) the operator Γ ∗i,∗.
2.4. Theorem. We have for k, l > 0 the following identities:
Γ (Ak,α)(Al,β) =
cδα,β
2k
(Ak+l,δ + Al−k,δ), (2.4)a
Γ (Ak,α)(Bl,β) =
cδα,β
2k
(Bk+l,δ − Bl−k,δ), (2.4)b
Γ (Bk,α)(Al,β) =
cδα,β
2k
(Bk+l,δ + Bl−k,δ), (2.4)c
Γ (Bk,α)(Bl,β) =
cδα,β
2k
(−Ak+l,δ + Al−k,δ). (2.4)d
Remark. When a negative index appears in these formula, we must substitute it by a positive
index using the convention (1.4)c.
Proof. Firstly establish (2.4)a. Remark that Γ Aq,δAk,α,Al,β = 0 if all the following six relations are
satisfied:
q = k + l, q = |k − l|, k = q + l, k = |q − l|, l = q + k, l = |q − k|.
The first case corresponds to q = k + l: then the first, the fourth and the sixth relations are
satisfied.
The second case corresponds to q = k − l if k > l and q = l − k if l > k: then the second, the
third and the fifth relations are satisfied.
Compute the contribution of the first case:
4Γ Ak+l,δAk,α,Al,β =
([Ak,α,Al,β ] ∣∣Ak+l,γ )− ([Al,β,Ak+l,γ ] ∣∣Ak,α)+ ([Ak+l,δ,Ak,α] ∣∣Al,β).
Using the bracket expression given in Proposition 1.5 the second term makes appear Al−(l+k) =
A−k = −Ak . We get
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(
1
k
+ 1
l
)
− cαβ,δ
(
1
l
− 1
k + l
)
+ cβδ,α
(
− 1
k + l +
1
k
)
= 1
k
(
cδα,β + cβδ,α
)+ 1
l
(
cδα,β − cαβ,δ
)+ 1
k + l
(
c
β
δ,α − cαβ,δ
)
.
We have by antisymmetry of the Lie bracket cδα,β + cδβ,α = 0. As the operator ad is antisym-
metric cδα,β + cαα,δ = 0. Finally
cδα,β = −cβα,δ = cβδ,α, (2.4)e
2Γ Ak+l,δAk,α,Al,β = cδα,β ·
1
k
. (2.4)f
Assuming k > l, compute the contribution of the second case:
4Γ Ak−l,δAk,α,Al,β =
([Ak,α,Al,β ] ∣∣Ak−l,γ )− ([Al,β,Ak−l,γ ] ∣∣Ak,α)+ ([Ak−l,δ,Ak,α] ∣∣Al,β),
4Γ Ak−l,δAk,α,Al,β = cδα,β
(
−1
k
+ 1
l
)
− cαβ,δ
(
1
l
+ 1
k − l
)
− cβδ,α
(
− 1
k − l +
1
k
)
= −1
k
(
cδα,β + cβδ,α
)+ 1
l
(
cδα,β − cαβ,δ
)+ 1
k − l
(
c
β
δ,α − cαβ,δ
)= −2
k
cδα,β,
which establishes (2.4)a granted the fact that Ak−l = −Al−k .
It remains to consider the second case when k < l:
4Γ Ak−l,δAk,α,Al,β =
([Ak,α,Al,β ] ∣∣Ak−l,γ )− ([Al,β,Ak−l,γ ] ∣∣Ak,α)+ ([Ak−l,δ,Ak,α] ∣∣Al,β),
4Γ Ak−l,δAk,α,Al,β = −cδα,β
(
−1
k
+ 1
l
)
+ cαβ,δ
(
1
l
+ 1
k − l
)
+ cβδ,α
(
− 1
k − l +
1
k
)
= 1
k
(
cδα,β + cβδ,α
)− 1
l
(
cδα,β − cαβ,δ
)− 1
k − l
(
c
β
δ,α − cαβ,δ
)= 2
k
cδα,β,
which finally establishes (2.4)a.
Consider the action of rotations on L
A
φ
k = coskφAk − sinkφBk.
As the metric is invariant under the action of rotation we have
Γ
(
A
φ
k,α
)(
A
φ
l,β
)= c
δ
α,β
2k
(
A
φ
k+l,δ + Aφl−k,δ
)
. (2.4)g
Expand this identity:
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+ sin kφ sin lφΓ (Bk,α)Bl,β
= 2
k
cδα,β
{
cos
(
(k + l)φ)Ak+l,δ − sin((k + l)φ)Bk+l,δ + cos((l − k)φ)Al−k,δ
− sin((l − k)φ)Bl−k,δ}.
By expanding cos(k + l)φ, sin(k + l)φ we get (2.4)b, (2.4)c, (2.4)d. 
2.5. Theorem (Freed formula). Let u,v ∈ L, let w = Γ (u)(v) then
w˙(θ) = Π(ad(u)(θ)(v˙(θ))). (2.5)a
Proof. We shall check this formula in the case u = Ak,α , v = Al,β then v˙ = −eβ(sin lθ),
ad(u)(v˙) = −[eα, eβ ]
k
coskθ sin lθ = −[eα, eβ ]
2k
(
sin(k + l)θ + sin(l − k)θ).
Using (2.4)a:
w = c
δ
α,β
2k
(Ak+l,δ + Al−k,δ), w˙(θ) = −ad(eα)(eβ)2k
(
sin(k + l)θ + sin(l − k)θ), l > k.
We conclude using (2.4)g combined with the invariance by rotation of the right-hand side
of (2.5)a. 
It is possible to verify easily that (2.5)a satisfies the two following identities (2.5)b and (2.5)c,
identities which in finite dimension characterize the Levi-Civita connection. Let us proceed to
this verification:
(∇uv1 | v2)L + (v1 | ∇uv2)L = 0; (2.5)b
indeed
1
π
∫
S1
(
ad
(
u(θ)
)
v˙1(θ)
∣∣ v˙2(θ))G + (v˙1(θ)
∣∣ ad(u(θ))v˙2(θ))G dθ = 0
because ad(∗) is an antisymmetric operator on G.
0 = (h ∣∣∇uv − ∇vu − [u,v])L, ∀h ∈ L; (2.5)c
indeed the right-hand side then equals to
1
π
∫
S1
(
h˙
∣∣∣ [u, v˙] − [v, u˙] − d
dθ
([u,v])
)
dθ,
and we conclude using d ([u,v]) = [u˙, v] + [u, v˙].
dθ
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(
Ricci(h)
∣∣ h)
L
= c · ‖h‖2
L2 , (2.6)a
where 2c is the Ricci tensor of the compact group G.
Proof. We shall give firstly a proof in Freed’s formalism of this result. As the metric tensor is
invariant by rotation, the Ricci tensor diagonalizes in the trigonometric basis.
Given u,v,h, k ∈ L the curvature tensor has the following expression:
R(u, v,h, k) = ((Γ (u)Γ (v) − Γ (v)Γ (u) − Γ ([u,v]))h ∣∣ k)
L
= 1
π
∫
S1
(
d
dθ
{(
Γ (u)Γ (v) − Γ (v)Γ (u) − Γ ([u,v]))h} ∣∣∣ k˙
)
G
dθ,
d
dθ
{
Γ (u)Γ (v)h
}= Πad(u) d
dθ
{
Γ (v)h
}= Πad(u)Πad(v)h˙. (2.6)b
Therefore
R(u, v,h, k) = 1
π
∫
S1
((
ad(u)Πad(v) − ad(v)Πad(u) − ad([u,v]))h˙ ∣∣ k˙)G dθ.
We must take h = v = cosqθ , u = cos lθ or h = v = sinqθ , u = cos lθ . Then
(
Ricci(cos lθ)
∣∣ cos lθ)= ∑
q
1
q2
R(cos lθ, cosqθ, cosqθ, cos lθ)
+ R(cos lθ, sinqθ, sinqθ, cos lθ).
Split this sum in
∑
q =l and in the two terms
R(cos lθ, cos lθ, cos lθ, cos lθ) + R(cos lθ, sin lθ, sin lθ, cos lθ)
= R(cos lθ, sin lθ, sin lθ, cos lθ)
= − l
2
π
∫
S1
((
ad(u)Πad(v) − ad(v)Πad(u) − ad([u,v])) cos lθ ∣∣ sin lθ)G dθ
= l
2
π
∫
G
((
ad(v)(1 − Π)ad(u)) cos lθ ∣∣ sin lθ)G dθ = l
2
2
.
It remains to compute
∑
q =l . As u = cos lθ cannot interfer with cosqθ . The unique possible
interference leads to cosqθ sinqθ = sin 2qθ on which 1 − Π vanishes.
In the sum of frequencies giving rise to the Ricci tensor a single term does not vanish. The
computation is finished by summing on an orthonormal basis of G which leads to the Ricci
curvature of the compact group G. 
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(
R(Bk,α,Al,β,Bk,α)
∣∣ Bj,δ)= 0 ∀j, δ,(
R(Bk,α,Al,β,Bk,α)
∣∣Aj,δ)= ∑
m,γ
Γ
Aj,δ
Bk,α,Bm,γ
Γ
Bm,γ
Al,β ,Bk,α
− ([Bk,α,Al,β ] ∣∣ Bm,γ )Γ Aj,δBm,γ ,Bk,α
=
∑
γ
Γ
Aj,δ
Bk,α,Bj−k,γ Γ
Bj−k,γ
Al,β ,Bk,α
+ Γ Aj,δBk,α,Bj+k,γ Γ
Bj+k,γ
Al,β ,Bk,α
− ([Bk,α,Al,β ] ∣∣ Bk+l,γ )Γ Aj,δBk+l,γ ,Bk,α
− ([Bk,α,Al,β ] ∣∣ Bl−k,γ )Γ Aj,δBl−k,γ ,Bk,α
= −
∑
γ
cδα,γ
2k
(
c
γ
β,α
2l
δj,l+2k −
c
γ
β,α
2l
δj,2k−l
)
+
∑
γ
cδα,γ
2k
(
c
γ
β,α
2l
δj,l −
c
γ
β,α
2l
δj,l
)
−
∑
γ
c
γ
β,α
2
(
1
l
+ 1
k
)(
cδγ,α
2(k + l) δj,l+2k −
cδγ,α
2(k + l) δj,l
)
−
∑
γ
c
γ
β,α
2
(
1
k
− 1
l
)(
− c
δ
γ,α
2(l − k)δj,l +
cδγ,α
2(l − k)δj,2k−l
)
.
We can therefore check that this expression vanishes when k = l. For k = l we are left with the
two terms
∑
γ
cδα,γ c
γ
β,α
4kl
δj,l −
c
γ
β,αc
δ
γ,α
4kl
δj,l =
∑
γ
1
2l2
cδα,γ c
γ
β,α =
1
2l2
.
On the other hand,
(
R(Ak,α,Al,β,Ak,α)
∣∣ Bj,δ)= 0
and the computation of
(
R(Ak,α,Al,β,Ak,α)
∣∣Aj,δ)
gives also = 12l2 for analogous reasons.
3. Non-existence of invariant measure
3.1. Set ρ the unitary representation G defined by z → ad(z)) ∈ End(G). Set
Aαk = ρ(eα) ·
coskθ
k
, Bαk = ρ(eα) ·
sin kθ
k
, k > 0. (3.1)
A.B. Cruzeiro, P. Malliavin / Journal of Functional Analysis 254 (2008) 1974–1987 19853.2. Theorem. Consider the complex Hilbert space H = L2(S1;G ⊗ C), and consider its uni-
tary group U . Given k0 = 0 it does not exists a probability measure μ carried by U which is
infinitesimally invariant under the left action of Ak0,α, Bk0,α, ∀α.
Proof. We shall follow the methodology constructed for incompressible fluid dynamics in [2].
Consider the U -valued process Uy,t defined by the Stratonovitch SDE
dUy,t =
(∑
α
Aαk0 ◦ dy2α(t) +Bαk0 ◦ dy1α(t)
)
Uy,t , (3.2)a
where yiα, i = 1,2, are two independent G-valued Brownian motion. Take for basis of H
eq,α := eα ⊗ exp(iqθ). (3.2)b
In this basis the operators Aαk , Bαk have the following expressions:
Aαk es,β =
1
2k
cδα,β(es+k,δ + es−k,δ), Bαk es,β =
i
2k
cδα,β(es+k,δ − es−k,δ). (3.2)c
Iterating
[Aαk ]2es,β = 14k2 cλα,δcδα,β(es+2k,λ + es−2k,λ + 2es,λ),
and using formula (2.1)d we have
∑
δ,α
c∗α,δcδα,∗ = −4 RicciG = −Identity, (3.2)d
the last identity being obtained by choosing suitably the ad-invariant Euclidean metric on G. We
get
∑
α
[Aαk ]2es,β = − 1k2 (es+2k,β + es−2k,β + 2es,β),
∑
α
[Bαk ]2es,β = 1k2 (es+2k,β + es−2k,β − 2es,β).
Finally,
∑
α
([Aαk ]2 + [Bαk ]2)es,β = − 1k2 es,β (3.2)e
and the SDE (3.2)a takes the Itô form
dUy,t =
(∑
α
Aαk0 dy2α(t) +Bαk0 dy1α(t) −
1
2k20
dt
)
Uy,t .  (3.2)f
1986 A.B. Cruzeiro, P. Malliavin / Journal of Functional Analysis 254 (2008) 1974–19873.3. Theorem (Transfer energy matrix). Parametrize Uy,t by its matrix coefficients cs,δq,β(y, t) =
(Uy,t (eq,β) | es,δ). Fixing q,β , define the energy functional by
ξ
q
t (s) =
∑
δ
E
(∣∣cs,δq,β(y, t)∣∣2); (3.3)a
then ξq(∗) satisfies the infinite system of first order differential equations
dξ
q
t (s)
dt
= 1
2k20
(
ξ
q
t (s + k0) + ξqt (s − k0) − 2ξqt (s)
)
. (3.3)b
Proof. Using (3.2)c the Itô differential,
dc¯
s,δ
q,β(y, t) +
1
2k20
c¯
s,δ
q,β(y, t) dt
=
(
− 1
2k0
∑
α
cλα,δ
[
(es+k0,λ + es−k0,λ) dy2α + i(es+k0,δ − es−k0,δ) dy1α
] ∣∣Uy,t (eq,β)
)
= − 1
2k0
∑
α
cλα,δ
[(
c¯
s+k0,λ
q,β + c¯s−k0,λq,β
)
dy2α + i
(
c¯
s+k0,λ
q,β + c¯s−k0,λq,β
)
dy1α
]
.
Remark that in all these computations the index (q,β) is fixed. Set
φλ(l) := cl,λq,δ(y, t).
We get:
dφδ(s) + 12k20
φδ(s) dt
= − 1
2k0
∑
α
cλα,δ
[(
φλ(s + k0) + φλ(s − k0)
)
dy2α + i
(
φλ(s + k0) − φλ(s − k0)
)
dy1α
]
.
By Itô calculus
d
{
φδ(s)φ¯δ(s)
}+ 1
k20
φδ(s)φ¯δ(s) dt
=
{
1
4k20
∑
α
∣∣∣∣
∑
λ
cλα,δ
(
φλ(s + k0) + φλ(s − k0)
)∣∣∣∣
2
× 1
4k2
∑∣∣∣∣
∑
cλα,δ
(
φλ(s + k0) − φλ(s − k0)
)∣∣∣∣
2}
dt + dMt, (3.3)c
0 α λ
A.B. Cruzeiro, P. Malliavin / Journal of Functional Analysis 254 (2008) 1974–1987 1987where Mt is a martingale vanishing at time t = 0. By a remarkable cancellation, the term in the
bracket satisfies the equality
2{∗} =
∑
α,λ,λ′
cλα,δc
λ′
α,δ
[
φλ(s + k0)φ¯λ′(s + k0) + φλ(s − k0)φ¯λ′(s − k0)
]
.
We must compute
∑
α,δ
cλα,δc
λ′
α,δ = −
∑
α,δ
cλα,δc
δ
α,λ′ = −
(
eλ
∣∣∣∑
α
[
ad(eα)
]2
eλ′
)
using the identities (2.1)d and (3.2)d: it equals
to 4
(
eλ
∣∣ Ricci(eλ′))= 1 if λ = λ′, and to 0 otherwise.
3.4. Define ξqt as ξ
q
t (∗). Then ξt satisfies the ODE
dξt
dt
=M(ξt ), (3.4)a
where M is a real symmetric negative matrix. The real quadratic form associated to M having
the following expression:
(M(ξ) ∣∣ ξ)= − 1
2k20
∑
s
(
(ξs − ξs+k0)2 + (ξs − ξs−k0)2
)
. (3.4)b
Starting from (3.4)b the proof of Theorem 3.2 is obtained by following the same steps as
in [2]. 
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